The presence of global conserved quantities in interacting systems generically leads to diffusive transport at late times. Here, we show that systems conserving the dipole moment of an associated global charge, or even higher moment generalizations thereof, escape this scenario, displaying subdiffusive decay instead. Modelling the time evolution as cellular automata for specific cases of dipole-and quadrupole-conservation, we numerically find distinct anomalous exponents of the late time relaxation. We explain these findings by analytically constructing a general hydrodynamic model that results in a series of exponents depending on the number of conserved moments, yielding an accurate description of the scaling form of charge correlation functions. We analyze the spatial profile of the correlations and discuss potential experimentally relevant signatures of higher moment conservation.
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Introduction.-Thermal equilibrium of generic systems is characterized by a finite number of conserved quantities, such as energy, particle number or charge. A coarse grained nonequilibrium time evolution that irreversibly leads to such an equilibrium state is therefore expected to be dominated by transport of these quantities at late times, smoothing out inhomogeneities of the initial state [1] . This framework also extends to closed, interacting quantum systems, where the corresponding time scale of transport, separating 'early' and 'late' times, is usually marked by the onset of local thermalization. A phenomenological description of the ensuing dynamics can then be given in terms of a classical hydrodynamic description, with quantum properties merely entering the effective diffusion constant [2] [3] [4] [5] [6] [7] [8] [9] [10] .
A particularly intriguing set of conserved quantities arises in the presence of a global U(1) charge together with the conservation of one or several of its higher moments, such as dipole-or quadrupole-moment. These higher-moment conserving models have attracted much attention in the context of fractons [11] [12] [13] [14] [15] [16] [17] , and are realizable in synthetic quantum matter [18] or solid state systems [19] . In particular, the intertwined relation between the internal charge conservation law and its dipole moment has recently been shown to have significant impact on nonequilibrium properties [20] [21] [22] [23] [24] [25] [26] [27] . In the most severe cases, for short-ranged interactions and low spin representations, the system fails to thermalize due to a strong fragmentation of the many-body Hilbert space into exponentially many disconnected sectors [21, 22] , giving rise to statistically localized integrals of motion [27] .
In this work, we study late time transport in ergodic models of dipole-and even higher moment conserving 1D systems. We avoid strong Hilbert space fragmentation by including longer range interactions and higher spin representations. Building on the intuition of an effective classical description in the regime of incoherent transport, we employ a cellular automaton approach to numerically study the long time dynamics (see e.g. [28] [29] [30] for related approaches). For our systems, we find a cascade of exponents describing an 
< l a t e x i t s h a 1 _ b a s e 6 4 = " J Q v l w 0 3 0 9 N + b r P g + 9 x n O Z X s 7 Figure 1 . Higher Moment Conservation Laws. a) Recursive construction scheme: A charge-conserving move (m = 0) creates a local dipole, which in turn is a charge-neutral dynamical object of a dipole-conserving model (m = 1). This process is iterated to conserve higher moments. b) The late time dynamics of charges is described by subdiffusive decay, with algebraic exponents depending on the highest conserved charge moment (here: m = 1). anomalously slow, subdiffusive transport of the underlying charges, with the values of the exponents depending on the highest conserved moment. We further develop a general analytic hydrodynamic approach, valid for arbitrary conserved multipole moments that is in very good agreement with our numerical results. We conclude with an outlook on potential experimental characteristics of higher-moment conservation and the consistency of our findings with quantum dynamics.
Higher-Moment Conserving Models.-We start by constructing generic Hamiltonians conserving arbitrary moments of the charge. These will serve as input for the definition of suitable automata dynamics, as well as the derivation of an effective hydrodynamic description. The construction of such arXiv:2004.00635v1 [cond-mat.str-el] 1 Apr 2020 models is best understood recursively, starting from a simple XY-type Hamiltonian of the formĤ (0)
, hosting local terms of range r = 2 that conserve the total charge Q (0) = xŜ z x , whereŜ ± x ,Ŝ z x are spin operators in a given representation S . Here, an elementary term
can be interpreted as the creation of a dipole against some background. A new term that additionally conserves the dipole moment Q (1) = x xŜ z x can then be obtained by simply multiplying this operator with its hermitian conjugate at some shifted position, e.g. h (1) 3
c., a model that has been studied in the context of Hilbert space fragmentation [21] [22] [23] [24] [25] [26] [27] .
The above recursion can be iterated to obtain models conserving arbitrary moments of the charge
Formally, we consider an m th moment conserving Hamiltonian of range r in the formĤ (m)
, whose local terms can be expanded as
where by definition n m (0) 0, n m (r − 1) 0. For the XYmodel, σ 0 (0)n 0 (0) = −σ 0 (1)n 0 (1) = 1. Analogous to the argument above, given h (m−1) r (x), we can then construct a (r + )range term that additionally conserves the m th moment by imposing the recursive relation
on the exponents of the spin ladder operators. Eq. (3) reflects the construction ofĤ (m) r+ via shifting an elementary m-pole by sites. As illustrated in Fig. 1 (a) , the elementary m-pole configurations have vanishing lower moments and a spatially independent m th moment, similar to usual charges in the XYmodel. However, their number is not conserved.
We notice that Eq. (3) can be rephrased as a discrete lattice derivative of spacing ,
Using the spin commutation relations and Eq. (4), we see that
x n ] = 0 for n ≤ m, i.e. all moments Q (n≤m) are indeed conserved. The same holds for longer range Hamiltonians, using alternative discretization schemes of the involved derivatives. We note that this is a discretized version of the field theory construction in Ref. [16] . In the following, we are interested in the impact of the conservation laws Eq. (1) on transport properties at late times, where an effective classical hydrodynamic description is expected to apply.
Cellular Automaton Approach.-Studying the full quantum evolution of Eq. (2) on sufficiently large system sizes is a challenging task (see the supplementary material for small systems). However, we can make progress by considering a classical automaton time evolution that respects the crucial properties concerning the late time dynamics of the models introduced above, the conservation laws Eq. (1) [31] . The discrete automaton time evolution consists of a sequential application of local updates mapping z-basis product states onto z-basis product states. The updates are designed to mimick the action of the Hamiltonian by updating between local strings of spins s(x) = (s x , ..., s x+r−1 ), with s i ∈ {−S , ..., S }, that are connected by the local terms of Eq. (2), similar to Refs. [29, 30] . The automaton evolution can alternatively be expressed in terms of a classically simulable circuit where the updates are represented as unitary operatorsÛ (m) r (x) of range r. These connect two states |s(x) and |s ( [30] , i.e.,Û (m) r (x) acts as a usual σ x Pauli matrix in the subspace spanned by |s(x) and |s (x) . For locally frozen states,Û (m) r (x) acts as the identity. For a selected h (m) r (x), there are potentially two possible updates for a given |s(x) , namely |s (
. Therefore, we require two independent unitary gatesÛ (m) r,A (x) andÛ (m) r,B (x) describing all possible updates associated to a local term ofĤ (m) r . These update operators are the building blocks of the automaton evolution. The definition of a single time step in terms of these gates for the case m = 1, taking into account onlyĤ (1) 3 , is illustrated in Fig. 2 (a) .
The relation of the circuit dynamics to the Hamiltonians of Eq. (2) can be expanded even further by endowing each application of an update between |s(x) and |s (x) with an acceptance probability p ∼
proportional to the associated Fermi-golden-rule rate. According to this probability, the update gate is either applied or substituted by an identity operator. This turns our circuit into a stochastic automaton [32] , which is why we can also meaningfully study dynamics starting from a fixed initial state upon averaging over gates. We emphasize that the details of the implementation scheme, including its stochastic nature, are not essential to the qualitative outcome of the hydrodynamics studied in the following.
Hydrodynamics.-To understand the dynamics of charges at late times, the main quantity studied within our numerical approach are the correlation functions
and particularly the return probability C (m) (0, t), where ... denotes an average ofŜ z x (t)Ŝ z 0 (0) over randomly chosen initial states of the automaton dynamics. For concreteness, we Figure 2 . Hydrodynamics a) Illustration of a single time step of the automaton circuit, for a dipole (m = 1) conserving model using gates of range 3. b) Return probability C (m) (0, t) for dipole-and quadrupole conservation. The long time behavior approaches an m-dependent algebraic decay ∼ t −1/2(m+1) . The numerical values of the exponents where extracted from fits over the latter three time decades (dashed lines). c)+d) Scaling collapse for m = 1 and m = 2 according to the long wave-length description Eq. (7) . In addition to the numerical data, the fundamental solution of Eq. (7) (dashed line) and the corresponding Gaussian expansion (see main text) up to order n = 4 (circles) are shown. The system size is L = 10 4 in all panels. study a dipole conserving model with S = 1 including interaction terms of Eq. (2) of ranges r = 3 and r = 4 [33] , as well as a quadrupole conserving model with larger spin representation S = 4 including ranges r = 4 and r = 5, both on system sizes up to L = 10 4 . While in general the hydrodynamic tails for given m are expected to be universal for a sufficiently ergodic system, in numerical practice, larger r and S will provide faster convergence to this long time behaviour. As the dynamics of the system is expected to become slower upon increasing m, due to an increasing number of constraints, we choose a larger spin representation S = 4 [34] in the quadrupole case to allow for a more accurate determination of algebraic exponents. the only free parameter D. In particular, as demonstrated in Fig. 2 (c,d) , C (m) (x, t) accurately follows the scaling collapse predicted by Eq. (7). We remark that while usually, the hydrodynamic description of a system conserving m + 1 quantities would be given by a set of m + 1 coupled equations for the associated densities and currents [1, 38, 39] , the present systems can be well described by a single equation Eq. (6) for the charge density. This is due to the hierarchical structure of the conservation laws Eq. (1) that specify all Q (m) in terms of the fundamental charges of the theory.
Discussion.-It is worthwhile to consider the solutions of Eq. (6) in more detail. For m = 0, Eq. (6) reduces to the usual diffusion equation and C (0) (x, t) is a Gaussian probability distribution, describing the movement of an initially localized excitation through the system [1, 40] . For m ≥ 1, as shown in Fig. 2 and more generally clear from a vanishing second moment x 2 G (m) = dx x 2 G (m) (x, t) = 0, C (m) (x, t) cannot be interpreted as a probability distribution. Instead, the associated oscillations in the profile of C (m) (x, t) form a characteristic signature of higher moment conservation that can potentially also be observed in quench experiments of domain wall initial states, see Fig. 3 (a) .
We further notice that the central peak of C (m) (x, t) in Fig. 2 (c,d) is well approximated by a Gaussian g(x, t) = exp −x 2 /σ 2 (t) / πσ 2 (t) with σ(t) = (Dt) 1/2(m+1) . The additional dressing with the observed density modulations can be understood heuristically: We envision the Gaussian distribution g(x, t) to describe the movement of an excitation through the system as part of m-poles, see Fig. 1 (b) . In this picture, due to m th moment conservation, a positive charge described by g(x, t) drags along a cloud of surrounding negative charge, an intuition that can be formalized in an Ansatz C (m) (x, t) ∼ a 0 (t)g(x, t) − a 2 (t) g(x − 1, t) + g(x + 1, t) . Thus, a positive charge moving to x ± 1 implies an increased like-lihood of simultaneously finding a negative charge on x. In a continuum setting, this can be rewritten as C (m) (x, t) ∼ c 0 (t) g(x, t) −c 2 (t) ∂ 2
x g(x, t) = g(x, t) c 0 − c 2 x 2 /σ 2 (t) . Here, the time dependence of the expansion coefficients was chosen such that the scaling behaviour Eq. (7) is retained. Generalizing this physically motivated Ansatz, we can expand [41] C (m) (x, t) = g(x, t) n c (m) 2n − x 2 σ 2 (t) n . Fig. 2 (c,d) shows that excellent agreement is found already at the lowest orders of the expansion, where each term provides an additional oscillation in the spatial profile of C (m) (x, t).
Intriguingly, although the dynamics of charges appears subdiffusive as evidenced by C (m) (x, t), the resulting profile still exhibits Gaussian features, as for normal diffusion. In fact, a similar situation occurs in the classical dynamics of random walkers subject to hard core interactions [42] . These are described by static particles that only acquire dynamics upon interchanging their position with diffusively moving vacancies, leading to anomalous diffusion for the particles, but retaining a Gaussian profile. Similarly, in fractonic systems such as the present example for m = 1, fractons (charges) can only move by the emission and absorption of dipoles, which have previously been argued to perform unrestricted random moves [43] .
We can follow this line of reasoning in our automaton in the following way: For simple XY-terms at m = 0, each local update of range r contributes either ±(r − 1) to a total charge current J(t), obtained by summing over all updates during a single time step. Computing the current-current correlation function J(t)J(0) , the associated mean-squared displacement X 2 (t) = t t =0 t t =0 1 L J(t )J(0) ∼ t indicates the random walk performed by the charges [42] . We can then extend this definition of J(t) to m > 0, similarly associating positive and negative contributions to each local update. For both m = 1, 2, the corresponding X 2 (t) rapidly approaches a growth linear in t, as shown in Fig. 3 (b) . We would like to emphasize that while the motivation for this approach lies in the interpretation of local updates corresponding to moving m-poles, J(t) can not be indentified unambiguously with a corresponding m-pole current, due to the absence of an associated conserved local m-pole density. However, since the charge-dynamics has been shown to be subdiffusive, it can be conjectured that the dominant contribution to X 2 (t) is indeed due to the unconstrained random motion of m-poles.
Outlook.-We have studied the long-time dynamics of higher-moment conserving models, obtaining a generalized hydrodynamic equation relevant for fractonic systems that leads to subdiffusive decay of charge correlations. While we have numerically verified these derivations in 1D chains conserving dipole-and quadrupole moment, we expect that the present analysis extends to higher dimensions and higher moments, similar to Ref. [30] but in the absence of subsystem symmetries. We note that in the case of dipole moment conservation, our results agree with the subdiffusive scaling experimentally observed in Ref. [18] , where a tilted field was applied along one direction. In addition to the slow subd-iffusive decay of the return probability, we have identified oscillations in the spatial density profile both for delta and domain wall initial conditions as characteristic properties of higher moment conservation. Such oscillations should be detectable in quantum quench experiments. In Fourier space, the m th moment conservation leads to a modified scaling of the full-width-half-maximum of the Lorentzian line shape as ∼ q 2(m+1) , which could be detectable in scattering experiments. Furthermore, we expect our results to reflect the longtime dynamics of closed quantum systems. While large scale analyses thereof appear challenging due to the highly interacting nature of the models Eq.(2), investigations on smaller system sizes are consistent with the conclusions of our analysis, see the supplementary material for details. Understanding the full impact of higher moment conservation laws on the dynamics of quantum systems, in particular in the presence of energy conservation, remains an objective for future study.
SUPPLEMENTARY MATERIAL

QUANTUM-MODEL WITH DIPOLE CONSERVATION
In order to further support our main results, in this section, we show the dynamics of a quantum model featuring dipole conservation. For numerical feasability, we choose S = 1/2 and study the Hamiltonian given bŷ
on open boundary conditions, wherê
andĤ (1)
L indicates the length of the chain. It is readily verified that [Ĥ, xŜ z x ] = 0 and [Ĥ, x xŜ z x ] = 0, thusĤ conserves the total magnetization and dipole moment. We focus on the largest Hamiltonian sector with xŜ z x = x xŜ z x = 0. Moreover, the HamiltonianĤ in Eq. 8 has been already analyzed in Refs. [21, 24] , showing thatĤ is ergodic and its Hilbert space is only weakly fragmented.
We focus on the dynamics ofĤ by employing the spin-spin correlator, also defined in the main text C (1) (t) = δŜ z L/2 (t)δŜ z L/2 (0) ,
where · = 1 N Tr[·] is the normalized infinite-temperature trace, with N the dimension of the Hilbert space sector xŜ z x = x xŜ z x = 0, and δŜ z L/2 (t) =Ŝ z L/2 (t) − Ŝ z L/2 (t) . Figure 4 shows C (1) (t) for several system sizes L ∈ {16, 20, 24, 28}. For small system sizes L ∈ {16, 20}, C (1) (t) has been computed using exact diagonalization, and for L ∈ {24, 28} using Chebyshev polynomials techniques for the time evolution where the trace has been evaluated stochastically [46, 47] . As expected, after a short time propagation (t ∼ O(1)), C (1) (t) relaxes algebraically to zero, C (1) (t) ∼ t −α . This relaxation to the equilibrium value is subdiffusive, α < 1/2. In agreement with the result in the main text, the observed decay appears to be consistent with the subdiffusive exponent α = 1/4 for ergodic dipole conserving Hamiltonians (blue dash-line in Fig. 4 ). 
